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ABSTRACT

The Maximum Likelilmod Ensemble Filter (MLEF) is a control theory based
ensemble data assimilation algorithm. The MLEF is presented and its basic equations
discussed. Its relation to Kalman filtering is examined, indicating that the MLEF can be
viewed as a nonlinear extensiof the Kalman filter in the sense thatréduces to the
standard Kalman filter for linear operators and Gaussian Probability Density Function
assumption. In the analysis step, the MLEF employs an unconstrained iterative minimization.
It is shown that tt MLEF minimization can be used as a statwhe nordifferentiable
minimization. The MLEF nolifferentiable minimization is tested with a Ospike® non
differentiable function, and it was shown that it outperforms the nonlinear congrgalient
minimizaton for a given example.
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1. INTRODUCTION

The Maximum Likelihood Ensemble Filter (MLEF) is a control theory based
ensemble data assimilation system (Zupanski 2005; Zipand Zupanski 2006; Zupanski et
al. 2008). The MLEF is a nonlinear extension of the Kalman filter, in the sense that it
reduces to the Kalman filter for linear operators and Gaussian Probability Density Function
(PDF) assumption. Most important diffaeie is in the analysis step: instead of producing an
analytic solution of the linear system of equations, the MLEF finds optimal numerical
solution via iterative minimization of the cost function. The minimization algorithms
currently used within the MLERBre based on unconstrained minimization algorithms such as
the nonlinear conjugate gradient and giNesivton minimization methods. The MLEF
minimization includes an automatic Hessian preconditioning through a control variable
transformation. This makes thHeandling of highly nonlinear operators and f®aussian
PDFs easier. Although the MLEF was originally developed for use in meteorological, oceanic
and climate applications, it can be used in any signal processing or related application in
engineering andf geosciences.

In principle, the observation operator used in the analysis step of the filter can be
nonlinear and/or nedifferentiable function. Then the cost function is also nonlinear and/or
nondifferentiable, essentially making the minimizationlgem nondifferentiable. Standard
gradientbased minimization method may fail in such situations thus it is of interest to
examine how the MLEF would perform in comparison.

The paper is organized as follows. In section 2 we present the basic MLEF equations



In section 3 we describe the experimental sent and discuss the results, and conclusions are
drawn in section 4.

2. MLEF equations

The MLEF equations can be derived without employing linearity or differentiability
assumptions (Zupanski et al. 2008). Instsection we define basic equations used in the
MLEF, primarily focusing on the analysis step of the filter and related minimization of the
cost function.

Let the state space be denotSd R"s, whereNs denotes its dimension, and let
x €S be a state vector. We also refer to the set of state vefipesS ; (i=1....,N,)} as

ensembles, and to the spadke R of dimensionV; as an ensemble space. BgENs this
defines a fullrank problem, while fol;<Nj this defines a reduca@nk problem.

2.1  Prediction step

We consider a nonlinear dynamical moddl : S — S as a mean of transporting the
state vector according to

x, =M(x,,) (1)

where -1 and¢ refer to he current and the next analysis times, respectively. Given the
perturbation vectors from previous analygig/ ! S;(G=1,...,N,)}, we define the square
root forecast error covariance as

P=[p p - p] p'=MX*+ p*) - M(x%) (2)

where P;*:E— S is a NyxN, matrix with columns{p'eS;(i=1...,Np)} . The
superscripta andf refer to analysis and forecast, respectively

2.2  Analysis step

The nonlinear analysis solution in the MLEF is the maximum of a posterior
probability density dinction (PDF), in practice found by an iterative minimization of a cost
function

J(x)= %(x—xf )T P (x— xf)+%[y— H(x)]T R'[y-H)] 3)

where R:0 — O is the observation error covarianc@,e R"° is the observation space,
N, is the dimension of O, ye O is the observation vector, anf : S— O is a nonlinear
and/or nordifferentiable observation operator. Since the matPixs defined using ensemble

forecast incrments, the minimization of the cost function will involve a search in the
ensemblespanned subspac# .
The cost function (3) is minimized using a control variable transformation in the form
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x!x'=G G=P" Y +(Zx") ZxHYP 4)

where ! is a control vector in ensemble subspace, and the observation perturbation matrix
Z:S— O isan Ngx Nz matrix

Z0)=[z,(0) 20 - 5,®]  a@=RY[Hx+p) HE]. (5)

At the end of minimization, the MEF produces not only the analysis, but also an analysis
uncertainty estimate in the form of a squeret analysis error covariance

a a a a & a T a g2
PR=lpt pi - pl & pl=(P" "+ (2(x")) Zx )g ; (6)

The matrix P/? is a N, x N, matrix.

3. EXPERIMEN TAL SETUP AND RESULTS
3.1 Experimental setup

We consider an ensemble data assimilation problem involving sthaok
propagation by the ongimensional Burgers model (e.g., Zupanski et al. 2008). We evaluate

the nondifferentiable capability of the MLEF minization by considering a nen
differentiable observation operator in the form of a OspikeO function

H(x)=,/|x=0.35 for 0<x<I (7)

This function has a discontinuity at x=0.5 and represents one of the often tested non
differentiable functions (Figure 1).
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Figure 1. Spike function used in the experiments.



In our application the state vector of the Burgers model has dimeNst@i. The
data assimilation problem is defined as an identical twin experiment. Thevatises are
defined at each model point as a random perturbation to the OtrueO state, with identical error
standard deviation equal to 0.1. The minimization/assimilation experiment starts with
perturbed initial conditions, with the idea of matching thregQi state. In all experiments we
use only 4 ensemble members, which represent the uncertainty of thewstveckvith
sufficient accuracy.

Two minimization experiments are performed in the first analysis cycle, the MLEF
and the GRAD experiment. The MLEEB the one using the previously defined MLEF
algorithm (i.e. without linearity or differentiability assumptions), and other using standard
gradientbased minimization framework. The minimization algorithm used is the Fletcher
Reeves nonlinear conjugageadent algorithm (Luenberger 1984). The experiments differ
only in the way the observation perturbation is used: in the MLEF we simply use the finite

difference H(x + p)-H (x), while in the GRAD experiment we use its linear approximation

"1HOY . : . , :
—-/Op-f. This change impacts the gradient and Hessian calculations.
Ix &'

3.2 Results
We evaluate the results in terms of the cost function decrease, gradient norm decrease,

and by comparing the produced analysis with the OtrueO state. We perfoimingation
iterations. The cost function minimization is presented in Figure 2.
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Figure 2. Cost function minimization results obtained using: a) gradient based method (full
line), and b) MLEFbased method (dashed line).

One can notehéat in the GRAD experiment there is only a marginal reduction
achieved, while in the MLEF experiment the reduction is more substantial.

The gradient norm is defined eﬂguz(ng)l/zwhereg denotes the gradient. The

decrease of the gradierdnm is shown in Figure 3. One can note a similar decrease/change of
the gradient norm in both experiments. However, the change of the gradient norm is much



smoother in the MLEF experiment, suggesting that the gradient in the GRAD experiment had
more problens.
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Figure 3. Same as Figure 2, except for the gradient norm.

The ultimate goal of this application of ndifferentiable minimization was to

produce an improved solution, closer to the OtrueO state than the initial guess. The errors o
the solution and of the initial guess are shown in Figure 4.
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Figure 4. The initial guess error (blue linepen circles) and the solution error (red el
circles, in the GRAD experiment (left panel) and the MLEF experiment (right panel). The
horizontal axis represents the grid points of the Burgers model.

Note that the initial guess error is same in both experiments since they both started



from the same guess. All noticeable differences are located in the first 3fogrisl since

this wasthe position of the shoekave and of the discontinuity introduced by the spike
function. In the GRAD experiment, the solution is in fact worse than the initial guess,
indicating that gradient based minimization was not able to handle the discontinuitye On
other hand, the solution error is considerably reduced in the MLEF experiment: the maximum
error is reduced by about factor of five.

4. CONCLUSIONS

The nondifferentiable minimization algorithm within the MLEF was compared with
the gradienbased mininzation, in an example of a nalifferentiable spike function. The
results indicate superior results of the MLEF, both in terms of the cost function reduction and
the reduction of the solution error. The gradient norm decrease in the MLEF is characterized
by a smoother change than in the GRAD experiment. This simple, but challenging example is
seen as a first step in a more complex evaluation of the MLEF minimization as a non
differentiable minimization algorithm. If successful, this minimization methocahasential
to be applied in various nonlinear and +dfferentiable optimization problems in
geosciences and engineering.
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