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In this article, we define and prove a distribution, which is a combination of a multivariate
Normal and lognormal distribution. From this distribution, we apply a Bayesian probability
framework to derive a non-linear cost function similar to the one that is in current
variational data assimilation (DA) applications. Copyright © 2006 Royal Meteorological
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I. Introduction

In the field of numerical weather prediction (NWP),
there are many different assimilation systems under
development and others that are operational, which
are derived from Bayesian probability (Lorenc, 1986).
These methods are either based on the Kalman filter
(Evensen, 1994; Bishop eral., 2001; Houtekamer
and Mitchell, 2001, Evensen, 2003), variational data
assimilation (VAR) (Parrish and Derber, 1992; Lorenc
et al., 2000; Rabier et al., 2000), or a combination
of the two techniques (Hamill and Synder, 2000;
Zupanski, 2005; Zupanski and Zupanski, 2006).

In the VAR methods there is a non-linear cost func-
tion, which is derived from considering the mode
of the analysis probability density function (PDF)
(Lorenc, 1986). The mode is the most likely dynamic
state and is considered the best fit between the back-
ground and observed state. This analysis of PDF is
derived from a Bayesian probability problem (Lorenc,
1986). The derivation assumes general PDFs until the
errors are defined. At this point, these are assumed to
be additive and as such come from a specific class of
distributions. The final result is in terms of multivariate
Normal distributions.

In recent years, with the introduction of satellites,
we see data which is more lognormally rather than
Normally distributed (Cohn, 1997; Wang and Sassen,
2002; Sengupta et al., 2004) and it is in Cohn (1997),
that a definition for lognormal errors was first pre-
sented for NWP. Although it may appear that lognor-
mal variables in NWP is a modern problem, there were
data sets in the 1970s that were identified as being
lognormally distributed (Mielke et al., 1977).

This then introduces the problem of how to assimi-
late these variables, given the many different forms of
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data assimilation (DA). This problem was addressed
by Fletcher and Zupanski (2006) for lognormally dis-
tributed observational errors for the variational meth-
ods. The result is a non-linear cost function with a
Normal background component, which finds the mode
of the distribution analysis.

In practice, the assimilation problem is more com-
plex as some of the elements in our state vector or
some of the sets of observations may comprise Nor-
mal and lognormal variables. For example, in cloud
dynamics we have temperature and humidity and for
the ocean there is salinity and temperature.

Currently there are three methods to overcome
this in VAR DA. The first is to transform the
lognormal variable into a Normal variable, assim-
ilate that variable and then transform back to the
model space variable. This is often used in 1D
retrieval of humidity from radiances (English, 1999;
Poli et al., 2002; Deblonde and English, 2003). It
is also in use at operational centres, to treat spe-
cific humidity in a 3D VAR scheme, Meteorolog-
ical Service of Canada (Polavarapu et al., 2005).
A problem with this is that the mode of the
multivariate Normal distribution does not transform
back to the mode of the multivariate lognormal
distribution.

The second approach is to assimilate the two vari-
ables separately. This is possible because of the results
in Fletcher and Zupanski (2006). The disadvantage
of this is that we are assuming that the variables
are uncorrelated. This is commonly assumed for the
observations but may not be so justified for the back-
ground component. The third method, associated with
the observations, is to reject the lognormal variables
in a quality control (Lorenc and Hammon, 1988).
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An alternative approach, which we show in this
article, is to assimilate the two sets of variables
simultaneously. This is possible through defining a
hybrid PDF, which we do in the next section, and
follow the Bayesian framework from (Lorenc, 1986).
From this we can define a non-linear cost function
that allows the assimilation of Normal and lognormal
observations simultaneously (Section 3).

The reason for deriving and proving this hybrid PDF
in the next section is that as far as the authors are aware
at the time of writing there is no proof of a hybrid
distribution of the multivariate Normal/lognormal dis-
tribution. Although it may appear trivial to construct
this distribution, apparently there are no references to
such work in the statistical literature. These hybrid dis-
tributions are starting to become more important with
the introduction of satellite data into the assimilation
methods combined with land observations. Another
area where this may become useful is in the assim-
ilation schemes with smaller scale models, i.e. cloud
formations and convective modelling, where the com-
mon Normal assumption is generally not valid.

Although we may have data that is also not lognor-
mally distributed, it is the first step away from Normal
modelling and as such poses problems in itself. If
we understand how to assimilate Normal and lognor-
mal variables at the same time, we could move on to
possible three way hybrid distributions, for example,
Normal—lognormal-Gamma.

The remainder of the article breaks down as follows:
Section 2 introduces and proves the multivariate
hybrid PDF. Section 3 explains briefly how this
hybrid PDF can be used to derive a cost function for
variational DA. This article concludes with a plan for
further work for this hybrid PDF.

2. Hybrid distribution

In this section, we define and prove a PDF, which
is a combination of p Normal variants and g log-
normal variants. The PDF is defined in the following
theorem.

2.1. Theorem

If p Normal variants and g lognormal variants are
given, then the scalar function, f; 4(x), is defined in
the following equations:
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where p;; i =1, 2, ..., N,j=1,2,...,N are the
correlations between the variables, o; is the associated
standard deviation for X, is the covariance matrix,
x, € WP and x, € N1, is a multivariate PDF.

2.2. Proof

To prove that Equation (1) defines a PDF, we have
two conditions to satisfy. The first is that the function
is always positive for all values of X and that the
cumulative density function (CDF) integrates to one.

The first point is easy to prove as we can see that
the exponential cannot be non-positive, neither can the
quotient, the normalizing factor nor the product of the
xfls, i=p+1L,p+2,....,N.

We now consider the second condition. To prove
this we introduce the following change of variable:

zi = Inx; (3)

fori=p+1,p+2,...,N. The associated limits of
integration are (—oo, 0o) for the transformed variables

and finally p
»
dy; = — (4)

Xi
An important feature to note here is that the mean
vector and the covariance matrix are unchanged.
Substituting Equations (3) and (4) combined with the
new limits of integration allows us to write the CDF
of Equation (1) as
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where ¥ = (%, zg) is a multivariate Normal random
vector and therefore Equation (5) is the CDF of a
multivariate Normal distribution (Kotz et al., 2000),
which integrates, for all values of X, to one and
therefore Equation (1) satisfies the second condition
and hence it is a multivariate PDF.

Given this new PDF, we now consider how to devise
a variational DA scheme in the next section.

3. Application to data assimilation
The important consequence of the hybrid distribution

is its application to variational DA. This new distribu-
tion allows us to assimilate a set of data that comprises
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both Normally and lognormally distributed variables
rather than either assimilating the sets of variables
separately, where the lognormal components can be
assimilated through the method presented in Fletcher
and Zupanski (2006), or transform the lognormal com-
ponent into a Normal variable and use the Normal
framework and then transform it back.

To apply this distribution to variational DA we
simply follow the argument set out in (Lorenc, 1986),
where we define the lognormal errors as in Cohn
(1997). For observations these errors are defined as

Yy

&= — 6

) (6)
where y is the vector of observations, / is the non-
linear observation operator and the ratio is defined
componentwise. This then enables us to write the
observational error distribution for a set of mixed data
as
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Combining with a Normal background framework
we obtain the cost function by taking In of Equa-
tion (7). This then results in
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where x; is some background state and B is the
Normal background covariance matrix.
The associated Jacobian of Equation (9) is given by
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The Hessian associated with the observational part
of Equation (11) is given by
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and the hat represents the lognormal part of the
observation error.

An important feature of the derivatives above is that
they have a structure similar to their counterparts from
a multivariate Normal framework. A consequence of
this is the ability to apply a Hessian pre-conditioner
(Zupanski, 2005), which aids in the minimization
of the cost function (Axelsson and Barker, 1984).
The pre-conditioner for the lognormal observations is
derived in Fletcher and Zupanski (2006).

The point that we are making here is that we
no longer have to ignore or transform non-Normal
variables into their Normal counterpart. We therefore
reduce the error associated with the transform but also
remove the non-uniqueness associated with the multi-
variate lognormal median, which is the statistics that is
found through transforming the lognormal variable and
assimilating through the Normal framework (Fletcher
and Zupanski, 2006).

4. Conclusions and further work

In this article, we have defined a scalar function and
have proved that it is a hybrid probability density func-
tion, which is a combination of p Normal and g log-
normal variants. Following the Bayesian framework
from Lorenc (1986) combined with the lognormal
error definition from Cohn (1997) and the lognor-
mal cost function from Fletcher and Zupanski (2006)
we are able to define a framework for data sets of
mixed types. We have derived the Jacobian and the
Hessian of the hybrid cost function, which are useful
in the minimization of the cost function. These can
be used without too much modification to the current
Normal framework because of this distribution being
unimodal.

The reason we derive this hybrid distribution is to
illustrate that we can define frameworks for variational
and ensemble methods used in weather and ocean
prediction that allows us to assimilate variables, which
are from different PDFs simultaneously. The impact
would allow us to assimilate satellite data at the same
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time as land observations, which are conventionally
Normally distributed.

The plan for this work is to implement this new
cost function with the maximum likelihood ensemble
filter (MLEF) (Zupanski, 2005), which is an ensemble
filter combined with a cost function similar to that
from 3D VAR. We plan to use this method with
Rossby-Haurwitz waves in a 2D spherical shallow
water equations model that generates flows similar to
that of the full atmosphere (Daley, 1996).

As mentioned in the introduction this is the first
step in allowing us to use observations, which may
not be Normally distributed. This framework allows
us to assimilate Normal and lognormal variables
simultaneously but more work is needed to identify
the distribution of the variables.

Therefore an extension to this work is to classify
data sets into their distribution and then define the error
either as an additive or multiplicative. A consequence
of this aids the ensemble methods, which use ensemble
means to generate their error statistics (Bishop et al.,
2001). If an ensemble method has lognormal variables
then a mean can still be calculated by calculating
the product of the ensembles and then taking the
number of the ensemble root. The problem is whether
this statistic is the best to represent that distribution
(Fletcher and Zupanski, 2006).
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